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ABSTRACT. If P is a linear differential operator on R" with con-
stant coefficients, which is invariant under a group G of linear transforma-
tions, it is not true in general that the equation Pu = f always has a G-in-
variant solution u for a G-invariant f. We elucidate here the particular case
of a “big” group G, and we count the invariant solutions when they exist
(see Corollary 28 and Theorems 32, 33). The case, of special interest, of the
wave equation and the Lorentz group is covered (Corollary 27). The theory
of hyperfunctions provides the frame for the work.

Introduction. In his note [6], M. Rais proves that every linear differential
operator P on R" with constant coefficients has a tempered fundamental solu-
tion invariant under the subgroup of GL(n, R) under which P is invariant: it
is a consequence of a theorem of M. F. Atiyah [1]. But it is not true in general that
P has an invariant solution of any equation whose second side is invariant by the
same group, and M. Rais presents a counterexample where P has degree one.

We study here this question. As, in general, when a group acts on a mani-
fold, some orbits are “singular” (the quotient is not a manifold), one is led natu-
rally to solve an invariant equation first on the open set of the regular orbits, and
then to try to extend the solutions: in order to eliminate any artificial obstruction
there might be to such an extension, we will work within the frame of the theory
of hyperfunctions. To this theory, first developed in [8], one will find a short
and excellent introduction in [3].

We have to make precise here what we mean by “invariant”. This is clear
for a function, and therefore for a hyperfunction; for a distribution, there are
two possible definitions: the first extends the definition for functions; the second
is the one used in [6, §1.4], for which the Dirac measure is invariant under all
transformations of the linear group, and for which one has the
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THEOREM (ATIYAH-RAIS). Every linear differential operator P on R"
with constant coefficients has a tempered fundamental solution which is invariant
under the subgroup of GL(n, R) which leaves P invariant.

It should be remarked that the Dirac measure & is not invariant under
GL(n, R) in the first sense: it is well known for instance that,on R, & is
homogeneous of degree — 1. However, the two definitions coincide if we con-
sider only the subgroup of GL(n, R) (noted here G,) of the linear transfor-
mations of jacobian * 1. As this restriction is of no consequence in the most
interesting case we look at here (that is when the operator is invariant under a
general orthogonal group), we choose to stick to it from now on.

The problem is thus the following: P = P(9,) is a linear differential oper-
ator on R” with constant coefficients, G is the subgroup of G, under which
P is invariant (that is to say, for instance, that the distribution P§ is invariant);
G is obviously a closed (algebraic) subgroup of GL(n, R); let G, be its con-
nected component of the identity, and f€ B(R") a hyperfunction on R" in-
variant under G (resp. G,). Are there solutions u € B(R"), invariant under G
(resp. G,), of the equation Pu = f, and how many?

G is obviously the intersection of the groups which leave invariant the
real part or the imaginary part of each of the homogeneous parts of P In order
to find a big enough group G, we will thus restrict our search here to the case
where P is a polynomial (with complex coefficients) in an operator II, homo-
geneous and with real coefficients, of degree 1 or 2. The principal difficulty lies
then in the extension at the origin of a hyperfunction on R" — {0} invariant
under the orthogonal group of some quadratic form.

We obtain a complete answer to the questions above in both cases (invar-
iance under G or G,—see Theorems 28 and 32-33), and our results apply in
particular to the case where II is the wave operator and the group of invariance
is the Lorentz group.

§1 studies the hyperfunctions on R” — {0} and on R"™ which are invar-
iant under a noncompact orthogonal group, assuming n = 3. We look in detail
at the case of R? in §2, as it presents a special difficulty, of a topological
nature. In §3 we state and prove the results on invariant equations which are
the aim of this work.

Apart from [4], [6], and older works like [7], particular cases of this
problem have been treated in [11]—[17].

Finally I would like to thank here F. Rouviere, who simplified considerably
the original proof of Theorem 10.

1. Hyperfunctions invariant under a noncompact orthogonal group. We
begin this section with a few generalities on invariance of a hyperfunction under



EQUATIONS INVARIANT UNDER LINEAR TRANSFORMATIONS 269

a group. We first recall that, if M is an n-dimensional real analytic manifold and
X a complexification of M, the collection of the spaces

HY(X = (M- U)mod X =M, )

for all open subsets U of M, together with the canonical restrictions, constitutes
the flabby sheaf B of the hyperfunctions on M, and that it is in a natural way
a sheaf of D-modules, where D is the sheaf of linear differential operators with
analytic coefficients on M.

Representing H"(X —(M - U) mod X —= M, () = B(U) by the correspond-
ing group of Cech cohomology associated to a relative covering of (X, X — M) by
Stein open sets, one obtains a representation of any hyperfunction f(x) on an
open subset of M by relative Cech n-cocycles ¢(z), which are families of func-
tions holomorphic in certain subsets of X — M (two such cocycles represent the
same hyperfunction if their difference is a coboundary).

If G is a Lie group of diffeomorphisms of M, the transformations g € G,
_ being analytic, act also on the relative cocycles. A hyperfunction f(x) on M
represented by a cocycle ¢(z) is invariant under G if and only if

VeE€G [f(gx) =f(x),
that is

VEEG o(gz) = v(2) + V@, 2)

where (g, z) is a relative n-coboundary, depending analytically on g € G. But
in general there is no relative cocycle ¢ representing f and itself invariant
under G (i.e. such that ¢(gz) = ¢(z) for every g € G), as the following ex-
ample shows:

On R, consider the group G of homotheties of strictly positive ratio. The
relative 1-cocycles can be realized as holomorphic functions in C — R, and these
are G-invariant if and only if they are locally constant. The G-invariant hyper-
functions obtained in this way are thus the constants. But the Heaviside function

H(x) = [In(-z)]z=x

where In is the principal determination of the logarithm (holomorphic except
on the negative real half-line), is of course G-invariant:

In(-az) =In(-z) +Ina (@>0).

Let now G, be a connected Lie group of diffeomorphisms of M, and
(X)i=1,... , abasis of the Lie algebra of G,. We identify X; with the vector
field on M, right-invariant under G, generated by X;:if f is a (hyper-)func-
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tion on an open subset of M,
-_— —d- .
X f(x)= ar t=of(exP tX; - x).
LEMMA 1. Let U be a Gy-invariant open subset of M, and f a hyper-
functionon U. f is Gy-invariant if and only if X;f=0 (i=1,°-°,71).

PROOF. Let gf be the image of f under g € G,: gf (x) = f(gx), and
¢(z) a relative n-cocycle representing f. If f is G,-invariant, for any g € G,

¢(g2) — (2) = Y8, 2)
is a relative n-coboundary depending analytically on g, and the hyperfunction X,f
is represented by the coboundary
X:o(2) = 4 I o(exp tX; * 2) = 4 V(exp tX; * 2)
i dt J dt |r=o0 U

thus it is zero. If reciprocally X;f=0 (i=1,--*,7), we have

di‘ p(exp tX; * 2) = x(t, 2)
where X is a relative n-coboundary depending analytically on ¢ € R; thus
p(exp tX; * 2) = p(z) + fot X, z)du

where the integral is still a coboundary, and this implies f(exp ¢X; * x) = f(x)
and finally gf =f forany g € G, since G, is connected. Q.E.D.

Lemma 1 shows that the hyperfunctions on an open set U of M which
are G,-invariant form the kernel of the application

(X): B(U) — B'(U).
One can thus talk of the sheaf BG° of the locally G-invariant hyperfunctions:
it is the kernel of the sheaf morphism
Xx):B—7B.

In particular, if G is a connected one parameter Lie group, and X its
infinitesimal generator, and if U is open in M and G-invariant, we denote
7: B°°(M) — B®O(U) the canonical restriction, F = M — U, and B the
sheaf of hyperfunctions supported in F.

LEMMA 2. If X: B(M) — B(M) is onto, there is a canonical isomor-
phism between B O(U)mB (M) and Bp(M)/XBg(M).

ProOOF. It is given by the following exact commutative diagram:
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0 0 0

! l l

0 — BO(M) — B(M) 2> Bo(M) — Bp(M)/XBp(M) — 0

Lo
0— B °M) — B(M) — BM) — 0
! ! }

0— B °() — B(U) % BW)

|

8o wyn8%°wn

|

0

REMARK. It is known that every hyperfunction on U can be extended
to a hyperfunction on M; one could wonder whether any G -invariant hyper-
function on U admits at least one G-invariant extension. This is not true in
general, and the preceding lemma, which enlightens the situation, will be used to
prove it (Propositions 12, 13).

REMARK 3. Lemma 2, as its proof shows, is actually much more general:
if F isasheafon M, P: F — F a sheaf morphism, F” its kernel sheaf, U
openin M, F=M-U, Fp the sheaf of sections supported in F:

If the restriction of F from M to U is onto, and if P is onto on the
global sections, there is a canonical isomorphism between FF(U)/FF(M) and
F=(M)/PF ().

It is given by the same diagram, with an obvious change of notations. This
obvious remark will be used in the proof of Lemma 29.

From now on in this section we study the G-invariant hyperfunctions on
RP*9 where G = O(p, q) is the group of matrices which leave invariant the
quadratic form

— 2 o o o 2— 2 -— 0 O O - 2
o(x) =xy + +Xp = Xp4 Xp+q

and the hyperfunctions invariant only under its connected component of the
identity G,.

REMARK. G is self-transposed, and it is also the subgroup of GL(p + g, R)
which leaves invariant the operator

—_— 2 e o o 2 —2 —000—2
M=ol +---+02 ~al 02 e

and thus any polynomial of II.
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We assume pq > 1; that is to say, we assume that the groups G and G,
are not compact (pq = 0), and we leave aside the particular case p =q =1,
which will be treated in §2.

The Lie algebra of G and G, is the algebra of matrices

(¢ 5)

where A and B are antisymmetric,p x p and q x q respectively, and C is
D X q. A basis is given by the matrices of this kind which have only one non-
zero entry, equal to 1, above the diagonal; so we get:

(1) p(p—1)/2 +q(g - 1)/2 vectors X; A<i<j<sp o p+1<
i<j<p +q) generating (§ 3).

(2) pq vectors Y; (1<i<p and p+1<j<p+ q) generating
(% §)

The right G-invariant differential operators generated by these vectors are,
respectively:

D) Xj=x9-x9 A<i<j<por p+1<i<j<p+yq),

(@ Y;=x9+x9 (1<i<p and p+1<j<p +9q).
We write 9; = 0, ; (1 <i<p +9q), and we will also use the notations Xij»
Y, with i>j: the X; are then antisymmetric, and the Y;; symmetric. The
vectors X;; generate a compact subgroup G, of G, isomorphic to SO(p) x
S0(q).

Intuitively a G-invariant hyperfunction on RP*? is a hyperfunction which
“depends only on Q(x)”; this is what is expressed in Proposition 5.

LEMMA 4. Let U beopenin R"™*S, and V CR® be its natural (open)
projection. Assume that the fibres of U above V are connected. A hyper-
function f(xy,***,x,,,) € B(U) satisfies 3f/ox; =0 (j=1,°-~ , 1 if
and only if f is the inverse image under the natural projection of some hyper-
function on V.

We do not give any proof here of this well-known lemma.
Let Q denote the analytic map from RP*? - {0} into R:

= cen =x2 f oo 2 .32 e —y2
Q(x)"'Q(xp 9xp+q) xy + +xp Xp+1 Xp+q

PROPOSITION 5. A hyperfunction on RP+9 — {0} is G-invariant if and

only if it is the inverse image under Q of some hyperfunction on R.

PROOF. As Q is of maximal rank at any point of its domain, every hyper-
function on R has an inverse image under Q (this is a consequence of [9,
Theorem 2.2.6, p. 292]). Let f€ BRP*9 — {0}) be G-invariant. Choose two
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integers k and I, suchthat 1 <k<p and p+1<I<p +gq,and let E,“",
(resp. E;) be the open half-space of R?*9 defined by x, > x, (tesp. x,, < x)).
The analytic map

Ot (it 00 5 Xpag)

I__’ (xk _xl=u’ Q(x):v,xl’oonk,oo. ’il’... , p+q)

is a diffeomorphism of Ej; onto R* x RP*4-1,

Since f is G-invariant, it must satisfy, according to Lemma 1:
and by the coordinate change 0,,, the operators

X; (U<i<j<p o p+1<i<j<p+yq),

Yy (1<i<pand p+1<j<p+9q)
transform into

X.’.=x-a.—xia, (i and j distinct from k and ),

A
’
Xiy = —%9; ~x;9,,

Y,'i =x;0; +x0 (+k and j#I),
Yi; = X,.8; +x;0,,

!
Yi = x9; = x;0,,

The system of equations X;0;,f= Y;8,,f=0 clearly implies 3,8,,f=0 and
0,0,,f=0 for i# k, 1 (and reciprocally). Applying Lemma 4, we see that
flg F3 is the inverse image under Q of some hyperfunction T, on R.

As f isinvariant under the simultaneous change of x, into —x, and
x, into —x,,one canassume Ty, =Ty, = Ty as f is invariant under the simul- -
taneous change of x, into x, and x, into —x, on one hand, and of x,
into x;+ and x,+ into —x, on the other hand, one can assume that all hyper-
functions T, are equal to some hyperfunction 7 on R.

If reciprocally f is the inverse image under Q of some T € B(R), Lemma
4 implies

Xi,jeklf= Yi',ﬂsz= o,

thus X,;f=Y;f=0 in E & forany k, I. There follows that fis G -invariant,
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and as it obviously satisfies the symmetry conditions above, and is furthermore
invariant under the change of x; into —x; (1 <i<p +q), it is G-invariant.
Q.E.D.

REMARK 6. If p and ¢q are both strictly larger than one, and if f is
G-nvariant, define the T, asabove. As f is invariant under the simultaneous
change of x, into —x,, x; into —x,s, x, into —x, x, into —Xx,, one
can take T = Ti; = Ty, and the rest of the proof above remains true, so that:
If p>1 and q> 1, every Ginvariant hyperfunction on RP*% - {0} is G-
invariant.

If on another hand q = 1 (the situation is evidently symmetric in p and
q), that is in the case of a Lorentz group, one can, as in the beginning of the
proof of Proposition §, find hyperfunctions on R, T}, whose inverse images
under Q are the f IE%’, as soon as f is Gy-invariant. Moreover f is then in-
variant under the rotations transforming x, into x,+ and x,r into —x,and
one can thus assume

Th=T¢H=TY and Ty =Ty =T".

We call R’ the non-Hausdorff manifold obtained by gluing together the open
negative half-lines of two copies of R,say R; and R,. A hyperfunction on
R’ will be a pair of hyperfunctions on R, say T, and T,, whose restrictions
to the open negative half-line coincide. Finally let us define an analytic map Q'
from RP*! - {0} into R’ as the pair of-analytic maps Q;: U; —R; (j =
1, 2) defined by Q,(x) =0(x) (j=1,2),

Uy =Gy, 5x,4,) € RP*! - {0}IQ(x) <O or Xp4q >0},

Uy = {(x;,***,x,,,) ERP*! - {0}10(x) <O or x,,, <O}
The inverse image under Q' of a hyperfunction on R’ is a hyperfunction on
RP*! - {0} defined in the obvious way.

PROPOSITION 7. If p > 1, the G yinvariant hyperfunctions on RP*! — {0}
are the inverse images under Q' of the hyperfunctions on R'.

PRrROOF. It is analogous to the proof of Proposition 5.

REMARK. Clearly, if T is a distribution on R or R/, its inverse image
under Q or Q' is a distribution on RP*9 — {0}, and reciprocally, since it is
enough to check it locally. Thus we find again Theorem 2 of [4]:

COROLLARY. Propositions 5 and 7 (and Remark 6) are still true if one
replaces everywhere “‘hyperfunction” by ‘distribution”.
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Let B, be the space of hyperfunctions on RP*? supported at the origin.
We recall that the elements of B, are the series of derivatives of the Dirac
measure 9§, Eaaa("‘) (a isa (p + q)-index), which are convergent in B, that
is such that

i nt/lel =
© lim sup (12,/) 0.

PROPOSITION 8. The G,-invariant hyperfunctions supported at the ongm
have the form E,cn8,11%6 where T =93 + -+ + E)2 a;“ e =2
and

©) lim sup (la,I(2e))"/* = 0.

p+q’

All these are G-invariant.

ProoF (cF. P. D. METHEE [4, THEOREM 1]). We can assume for instance
p>1. i 2a,8® isG,-invariant, the entire function F(z) = Ta,z® is invar-
iant under the transpose of G, which is no other than G,. Since p > 1, G,
contains a rotation bringing (x,,0,***,0) onto (-x,,0,*++,0). Thus

F(xy,0,*¢*,0)=F(-x,,0,*++,0)= G(x%)
where G is an entire function. The entire function
F(xla e ’xp+q) - G(Q(x))

is then G-invariant, and vanishes on the first axis; since G, contains transfor-
mations bringing any point in the cone {x|Q(x) > 0} onto a point on the first
axis, it vanishes identically.

We still have to write that the series f= Z,cna,JI*8 is convergent in
B, Since

fZ(

ap gt ta 2a 2
~1)p+1 + 1...
) -n?e PT9q.0, a,,g:,*"s,

LI ap+q
condition (C) gives
) o \ \ 1/2]al
@  immp el gl Qet et Gyt | =0
a‘+°°'+ap+q=a P
Since

(@ e+, ) (a +ee-+20, +q)
al!oooap+q' (2a )'ooo( +q)
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this condition will be satisfied as soon as

lim sup (a,l2a, +++- +2ap+q)!)l/2lal___ 0,
Q—> 0o

@ t+eecta =a

ptq

which is to say (C"). But (C') is also necessary, as (*) implies it as one takes « | =«
and a, =<+ =a,, . = 0. Finally the last assertion is evident, since II and &
are G-invariant. Q.E.D.

REMARK 9. This proposition still holds if p or q is zero, that is if IT
is elliptic, and the proof is the same.

The end of the chapter is devoted to the proof of the following result:

THEOREM 10. Under the hypothesis pq # 1, every G y-invariant hyper-

function on RP*9 — {0} can be extended to a G y-invariant hyperfunction on
RPH4,

PrROOF. The case pg = 0 is trivial, since G, is compact: it is enough
then to take an arbitrary extension at the origin, and to integrate its transforms
under G, with respect to the Haar measure of G,. Thus we assume pq > 1,
and for instance p > 1.

Let f be a G,-invariant hyperfunction on RP*9 — {0}, and f an arbi-
trary extension of f on RP+9, If Xy A<i<j<p or p+1<i<j<
p+q)and (Y;) 1 <i<p and p+1<j<p +q) are the infinitesimal
generators of Go defined above, the X; generate a compact subgroup G, of
G, of normalized Haar measure dg,; replacing possibly f (x) by f¢ . f (8, x)dg,,
we can assume that f is G-invariant, thus that

¢)) X;f=0 (<i<j<por p+1<i<j<p+q).

As f is Gy-invariant, the Yii? are hyperfunctions supported at the origin.
From the commutation relations

2 Xy, Vil =Yy and  [Yy Yyl = X

(the Y, are symmetric, and the Xj; antisymmetric), we deduce, taking (1) into
account

Yy F =X,iYikf and YikY,-,‘? = ijYik?'

Choose three integers i, i",j suchthat 1<i<p, 1<i'<p, i#i', p+1<
j<p+gq. Cleardy 3,Y;—3;Y;; = 3;X;; so that (1) implies

it

3, (YyF) = 8:(Yy; 7).
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But by developing the hyperfunctions Y,-I-f' and Yi.if' as series of derivatives
of the Dirac measure, one sees easily that the last equality means that there exists
a hyperfunction g€ B, such that Yii? = a,.g,. and Y,.'j? = a,.,g,.. Of course leav-
ing j fixed and changing the first indices, one proves in the same way that

Y‘.jf'= 3;8; forevery i=1,"*+,p.

We now show that g; is invariant under the subgroup of G, generated by the
X,y (1<i<i <p): the rotation p of angle 6 on the variables x; and x,
transforms 9, into cos §d; +sin 63y, and Y; = x;9; + x;9; into

cos 0(x;0; +x;0;) + sin 6(x;3; + x;04) = cos 0Y;; +sin 6Y;;. There follows:

cos 931[3} ° p] +sin Oai:[gi °p] = [a,-gj] °p= [Yij?] °p
= cos 0Yi1[f' ° p] +sin BY,..I.[f' ° p]
= cos BYii}”v+ sin 0Yi.if= cos 0a,.g,. + sin ea,.,g,.,
and this implies g; o p = g;, sinct the operator cos 69; +sin 9, is one-to-one
in B,.

We now show that there exists a G -invariant hyperfunction ¢ € B, such
that Y,-j<p= Yiif' for some fixed i and j, 1 <i<p and p+1<j<p +q.
We have to distinguish two cases:

(A) If q is equal to one. G, is then the group generated by the X

(1 <i<i <p). It follows from Remark 9, applied to the p first variables
only, that every G,-invariant hyperfunction supported at the origin can be written

We have thus:
Yo = (x;3; +x;3) < > ba‘,@“af(s)
a,p
=Y bogl-| X 2k(z)a,?"*'eg"‘ af+1 —pe*3,07 148
a,B 0<k<a
==8; 2 bep(22@13f*! + g3 5.
a,p

Since g; is G,-invariant, it can also be written

8 = 2 co0"0P8
a,p
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with the convergence condition (C") on the coefficients Cqp (see Proposition 8
and Remark 9):

() lim sup [leggl(2a)!p!] V(22 +8) = 0.
20+ >
Thus we are led to solve the equation (with unknown b,)
3 bog(2aX I YPHY 4 gX2YEY) = Fe, (XOYP
in the space of series of two indeterminates satisfying (C"), that is
2 bo, 252X (V2P + BX(V2P Y =2y 2541 XYY

S bg 251 QXTI V2P +BXEY PP = Ty, 26X (Y 2F.

Condition (C") is easily seen to be invariant under translation on one of the in-
dices (in fact (C"), which means that Zc, ﬂ8(2°" 28 converges to a hyperfunc-
tion of two variables supported at the origin, is easily seen to be equivalent to
the statement that the function of two complex variables Ecaﬁxz"‘y” is an
entire function of zero exponential type), so that we are led to solve twice an
equation of the type

2 foup(20X21ZP + pxoZF) =3 g, X°ZF

in the space of series of two indeterminates X and Z satisfying (C"). The
last equation can be written

(20 + az)<2fa,,x°‘ Zﬁ) =Yg X°2",

and transforms by the change of indeterminates X = 2U, Z = U + V, into

aU(Zfo'zﬁUa Vﬁ) = 2gapU”V*

where the new coefficients f,g, gap must satisfy some condition, the transform
of (C"). If we prove that this new condition is no other than (C"), then it is
obvious that any such equation can be solved in the required space (choosing for
instance fo5 =0 and f,; =& 'g,_, g for &> 0),and the proof will be
complete in case A.

Let us prove first that if the new coefficients satisfy (C"), then the old ones
do as well. We put

F =23 f1sUVE = 3 fo,(XI)*Z - X/2).
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As condition (C") is obviously invariant under the change X/2 > X, we take
the liberty to omit the two’s in the following, so that we write

F= Z faﬁ(Z -1 )""( )X"‘*""Z’)

+k .
= Z( Z - I)k<] )f‘y—k 1+k> X'YZ Z fv,imzl'
Vi

V]

Condition (C") is equivalent to saying that for every € > 0 there exists a con-
stant C> 0 such that, for any integers 7, s, |f,| < Ce"**/(2)!(2s)!, but then

Y fi+k vt
'fw|\c,§o( i )(27"2k)!(2j+2k)!

Y /2% + 2k) erti
<cx ( 2% )Gy =202 + 20)

ey AN 4 C.5 1hid
< C( kz=:o (2K)!(2y = 2k)! ) ') < enent’

and this means that the f, ; also satisfy (C"). 1t is obvious from the proof
that it works for any lmear substltutlon of indeterminates, so that we will not
write it for the other implication.

(B) If q is larger than one. We note first that the analogue of the first
part of the proof, the roles of the indices i and j being exchanged, would
show that there also exists a hyperfunction h; € B, such that Y,,-? = 9 for
every j,p +1<j<p +gq,and that h; is independent of j and invariant
under the rotations on the variables x; (p + 1<j<p + q), so that finally
Y, = 9;0;k where k € B, is mdependent of both i and j, and invariant
under the rotations on the variables x; (1 <i <p) as well as those on the
variables x; (p +1<j <p +q), that is to say under the whole group G,.

Remark 9, applied separately to the p first and to the g last variables,
shows that any G, -invariant hyperfunction ¢ € B, can be written

o= 2 by0°=rs
a,BEN

where @ =02 ++++ +032=087+0; and E=935,, +++- +32, =
97 +=,. In particular k = 2, genc,sO°Ef5. But
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Yo = (9 +x,9) (}: ba,eazﬂza
a,f

a — —, bt
-z ba,,{[o > - 2(y)ores "]:.ﬂa,

<k<a

+9,68% [ > - 21(‘,3) a,"-lzg"] ia

0<I<p

=-233; Z}s bog@®*~12F + pOEF1)5.
@,

We are led now to solve the equation (in the unknown b,g)
D bopax*1YP + pXYF 1) = Soc, o x°YP

in the space of two indeterminates whose coefficients satisfy the same condition
(C") as in the preceding case. This equation can be written

Oy +2y)(TbapX*¥*) = TeypX®Y?

and is easily seen to have a solution by the change of indeterminates X + ¥ = U,
X - Y = V, which leaves (C") invariant as in case A, and transforms the equation
into

0 (TbsU°V?) = S U 2.
bog =0 and byg=0a"'c,, g for a> 0, isan obvious solution.

We conclude that there exists a G ,-invariant hyperfunction ¢ € B, such
that Yo =Y,F for some fixed integers i and j, 1<i<p and p +1<j
<p+gq

Since both ¢ and ?' are G,-invariant, we have

Vi, i, 1<i'#i"<p, V' j", p+1<j'#j"<p +q,
Xi’i"¢ = X‘I‘"?= Xl'j"¢ = Xi:iu?' = 0.
Using this and the commutation relations (2), we get
Y"i"p = [Xj'li Yii,] w = X"iYij"p
= XXy Yylo = Xp Xy Yo
= Xp Xy ¥yl = Xp ¥y 7 =Yy I
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forall #,i" j',j" suchthat 1<i#i'<p and p+1<j+#j <p +4q. But
this means that f=f'—¢ is such that

Xilillf = X}'/',f = Y‘Il.lf = 0;

that is to say f is Gy-invariant on RP*9. Finally

7|Rp+q_{o} =?|Rp+q_{o} =f QED.

COROLLARY 11. Every G-invariant hyperfunction on RP*9 — {0} can
be extended to a G-invariant hyperfunction on RP*+9,

PrROOF. Theorem 10 gives a G -invariant extension. As G is the semi-
direct product of G, by a finite group H, it is enough to select the symmetric
part of this extension with respect to H.

REMARK. If pq > 1, any G- or G,-invariant hyperfunction on any stable
open set of RP*9 can be extended to an invariant hyperfunction on any larger
stable open set: it is a consequence of Theorem 10 and Corollary 11 when one
wants an extension at the origin, and of the flabbiness of sheaf B (and Proposi-
tions 5 and 7) when one wants to extend elsewhere.

2. Hyperfunctions on R? invariant under a noncompact orthogonal group.
In this section, we study the hyperfunctions on R? invariant under the orthog-
onal group of a nondegenerate nondefinite quadratic form @, or under its con-
nected component of the identity, say G and G,. It will be handy to choose
coordinates (x, y) in which the quadratic form is written

o, y) = xy.
G is then also the subgroup of GL(2, R) which leaves invariant the operator
M=232,and G, is the group of matrices
a O
> 0).
(0 W €0

Contrary to the preceding case (Theorem 10), there are G-invariant hyper-
functions on R? — {0} which refuse to extend to Gy-invariant hyperfunctions
on R2. Let us give immediately an example:

We write 1/lx] for the distribution on R defined by

.peC“(R)l—vhm[f_w 2 g + f*"“’(")dx+z¢(0)1ne]

€0

which satisfies x * 1/2]x| = % sgn(x) = H(x) — %, where H is the Heaviside
function.
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PROPOSITION 12. Let T be the restriction to R? — {0} of the distribu-
tion 1/2|x| ® 8(p). T is Gy-invariant. There is no G y-invariant hyperfunction
on R? whose restrictionto R* - {0} is T.

PROOF. G, is connected, and its infinitesimal generator (on R?) isa
multiple of x3, - »9,. A hyperfunction f (on R? or R? - {0}) is thus
G-invariant, according to Lemma 1, if and only if (x9, - yay) f=0. But

(3, = y3,)(1/2Ix] ® () = (3,(x*) = 3,(¥ )1 /2kx| ®3(»))
= 0 (Hx) — %) ® () = 8(x, »)-

And by restriction to R? — {0}: (xd, — ya, )T = 0. Assume there is TeBR?),
G -invariant and such that T|R2 (oF T, and put S=12x|®8() — T.Sis
supported at the origin, thus it can be written
s= X aaﬁa(a,ﬁ)
o,BEN
with
lim sup (la,4 |l @+8) = g,
(C) a+f—o

Thus (x3, =¥3,)S = £, s2,5(8 ~ 0)5(*#) but this contradicts
(x9, —y9,)S = (x9, -yay)(l/ZLxl ®5(y)=6. QED.

In fact the proof leads us to a first result:

PROPOSITION 13. Let f be a G -invariant hyperfunction on R? — {0},
and f an arbitrary extension of f on R2. The hyperfunction (xo, - yay)?
is a series of derivatives of the Dirac measure 8. f has a G-invariant extension
on R? if and only if all the diagonal coefficients in this series vanish.

ProOF. The necessity of the condition is implied by the preceding proof.
If, on the other hand, (xd, —y9, )W =2, 8% §@P with a,, = 0, choose
8= Zozpby 68( #)| with byg = aﬁ/(ﬁ - @). Since |bg gl < laggl, the last
series is convergent in B,. Putting f= f g, one gets (xd, —yJ, )f=0 and
flkz_{o} fIRz_{o} f. QED.

ReEMARK. T. Miwa proved [5, Proposition 3.1] that (xd, —y9,): B(R?)
— B(Rz) is onto. Thus Lemma 2 applies here with M = R2?, U=R? - {0},

= {0}, X = xd, —y9,, for the group G,. But the last proposition exhibits

a complement of XB {0}(R2) in B{o}(Rz) the hyperfunctions which have the

form
2 a8 =3 0,32 )8
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(with the convergence condition lim sup,_,..(12,/(22)!)"/2* = 0; see Proposition

8). Thus Lemma 2 and Proposition 13 allow us to construct an explicit comple-

ment of 7B°°(R2) in BYO(R? - {0}): it is enough for that to note that 2,

and X commute, since the first is Gy-invariant. But we can proceed directly:
Now put T = 1/4|x] @ §(y) —6(x) ® 1/4]yl; as X is antisymmetric in

x and y,one still has XT =8, and X(32,)*T = (32, )*XT = 5(**) (¢ EN).

LEMMA 14. If zaa.s@' @) jsa hyperfunction supported at the origin, the
series S, = Eaa(aiy)"T defines a hyperfunction on R? such that XS, =
Za, 59,

PrROOF. 1t is clear if one knows that the convolution product of two hyper-
functions enjoys the same properties as that of distributions. We give here a direct
proof.

As the variables x and y play antisymmetric roles, it is obviously enough
to prove that S, = Za,(32,)°T has the same properties, where T =
1/2lx] ® 6(»). Noting In, the principal determination of the logarithm, holo-
morphic except on the negative real half-line, one has

1721l == 1/4im) [(1/5)(In & + In (= §))] =
and

T =-(1/82)[(1/&n)(n £ + In (= £))]

where the bracket is a relative 2-cocycle, represented by a function holomorphic
at least in (C — R)?. If the series

T a,(02,)* {(1/n)(In £ + In (- £))}

is uniformly convergent on every compact subset of (C — R)?, it will define a
function holomorphic in (C - R)2 , termwise differentiable, thus a relative 2-co-
cycle representing a hyperfunction —872S, on R?,and §, will obviously
have the desired property. But

1 al? 2/&l

2 )0l L +meapl =L 1 2 (S Dy inen!.
%) gsn(lﬂi %) prases 3 °‘<i§1 i) 3 ( E)%
Since TX,1/j ~In a K a, it s clearly enough to prove that the series
Za,(e!)?/(tn)**! is uniformly convergent on every compact subset of
(C - {0})?; but this is precisely saying that

28,80 =~ [ A Ot')zl:l

(62)
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defines a hyperfunction supported at the origin. Q.E.D.
We now state the analogues of Propositions 5, 7 and 8 of §1.

ProPOSITION 15. The Gy-invariant hyperfunctions supported at the origin
have the form Z,cxa,(33,)*5, with

©) lim sup (la,l(20))!/?* = 0.
o> oo
All these are G-invariant.

PROOF. If f=Z, pen,505058 is Gy-invariant, one has
0= (xd, —~»3,)f =2 a,4(8~)d% 358

and a4 vanishes as soon as «# f. Thus f has the required form, and (C")
can be proved as in Proposition 8. Again, the last statement is obvious, since
a},y and & are G-invariant. Q.E.D.

Let Q be the analytic map from R?® — {0} into R: Q(x, y) = xy.

PROPOSITION 16. A hyperfunction on R? — {0} is G-invariant if and
only if it is the inverse image under Q of some hyperfunction on R.

Apart from the change of coordinates x =x; +x,, ¥y =x; —Xx,, the
proof is analogous to that of Proposition 5, but it is useful to recall the beginning
of it here: in any of the half-spaces E; = {x >0} or E3 = {x <0} one can
choose xy and x as new coordinates, while one can choose xy and y in

= {y>0} or E, = {y <0} K f is Gy-invariant, f IE depends only on
xy, and thus it is the inverse image of a hyperfunction 7; on R (G=1,0,9).
As this inverse image is obviously injective, one has necessarily:

TiOv>0 = T2@)p>00  T1Wfy<o =T 4W|v<o,
T30)|v<o = T2Wp<os  T3W|p>0 = T3W|u>o0.

Let now R” be the non-Hausdorff manifold obtained by taking four copies of
R, say R, R,, Ry, Ry, and sticking together the positive parts of R, and R,
and of R; and R,, and the negative parts of R, and R, and of R, and
R;. A hyperfunction T on R” will be a family of four hyperfunctions T;
(j=1,°++,4) on R satisfying the above conditions. Finally let us define an
analytic map Q" from R? — {0} into R”, by the condition that it coincides
on each E; with Q: E; — R;. The inverse image under Q" of a hyperfunction
on R” is the hyperfunction on R? — {0} defined in the obvious way.

PROPOSITION 17. The G y-invariant hyperfunctions on R* — {0} are the
inverse images under Q" of the hyperfunctions on R".
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PROOF. We just proved the necessity. The sufficiency is obvious.

To state the next result, we need a few notations. First G/G, has four
elements, and two generators are represented by

the symmetry ¢ exchanging x and y,

the symmetry 7 exchanging x and —y.
If fe B(R2 — {0)) is G-invariant, one can decompose it in a unique way into
asum f=f, +f, +f +f, whereeachtermis G,-invariant and such that

foco=foor=fy foo0=—f4 foeT=f,
ff°0=ff’ ff°1=—f1” f°1,°0= of°T=-f01°

We call f,, the antisymmetric part of f.
Ifnow T =(T,, T,, T5, T,) is a hyperfunction on R”, we call mass
of T the hyperfunction (supported at the origin) T) =T, + T3 — T,.

THEOREM 18. Let f€ B(R? = {0)) be G-invariant, and T € BR")
such that = Q"~V(T). The following conditions are equivalent:

(1) f has a G-invariant extension at the origin.

(2) The antisymmetric part of f is zero.

(3) The mass of T is zero.

REMARK. We will see further two other conditions equivalent to these:
see Remark 21 and Corollary 23.

ProOF. ()¢ (3). As f,,=%(f—foo—feo1+fogo1),itiseasily
seen that, in any open halfspace Ej, f,, is the inverse image of
WT, — T, + T3 —T),).

@=(Q). If f,, =0, f is the sum of three hyperfunctions invariant by
at least one of the symmetries o or 7. Let g be one of these, symmetric in
x and ty,and g anextension of g at the origin. We can assume that g’
has the same symmetry property. But then (x9, — yay)'é' is changed into its
opposite by the exchange of x and * y, and this excludes the possibility that
its development in a series of derivatives of & might contain nontrivial diagonal
terms. We conclude by Proposition 13.

non (2) = non (1). One can assume f=f_ . In the first quadrant £, NE,
for example, ¢ transforms Q~'(T,) into Q~!(T,) = Q'(T}), so that o keeps
f unchanged. This implies f IE \NEy = 0. One could reason in the same way in
E, NE,, and also in the two other quadrants by considering the symmetry 7.
Thus f is supported on the two axes. In the neighborhood of a point on the
half-axis {y =0, x > 0} for instance, f can thus be written

fe =X £, ®s9(y).
aEN
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Since §®)(y) is homogeneous on R, of degree —a —1,and f is invariant
under the group G, of matrices (§ 1?‘,) @>0), f,(x) must be positively
homogeneous of degree —a — 1:

fu&x) = (-1)*ala,fax* !

for every x > 0, and for some constant a,. As f is changed into its opposite
by o and by 7, there follows

(- D%a!a, sgn(x)

= (@)
fen=2 prrra L€
—1)%!
L5 s @ S E0)
«EN 4ya+l

on R? - {0}, and that is to say:

= 2 \a =
fean=2%2 a,(0%,) lez_ o} SalRZ —{o}

aEN

with the notations of Lemma 14.

We can apply Proposition 13 to the extension S, of f: since, according
to Lemma 14, (x3, —y9,)S, = Z,en 2,8 %), f has a G-invariant extension
at the origin if and only if a, =0 for every a, thatis, if f=0. Q.E.D.

COROLLARY 19. Every G-invariant hyperfunction on R? — {0} can be
extended to a G-invariant hyperfunction on RZ.

ProOOF. To say that f is G-invariant is to say that f=f,. Thus f . =0,
and Theorem 18 gives a G-invariant extension f' . A G-invariant extension is
then %(f +f co+for+foagor). QED.

We now take a closer look at the hyperfunctions on R", and particularly
at the ones “without mass” (that is such that their mass is zero).

If T=(T,, T,, T3, T;) € B(R"), we define the shuttle integral of T
(and we write $T) in the following way: let K; be a compact set in R;, con-
taining the origin as an interior point, and F; the closure of the complement of
K; in R;. The hyperfunction T; can be written as the sum of two hyperfunc-
tions, Tl-l supported in K; and Tf supported in Fj; we put:

f T)dv = le Tl (v)dv - f R, Ti(v)dv + fksrg(v)dv— f Ry T} (v)dv.

It is easy to check that $T(v)dv depends neither on the decomposition of TI
nor on the choice of K;.
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We also call 7'(v) (resp. v*T(v)) the hyperfunction on R” whose restric-
tion to R; is TI'(v) (resp. v*T(v), @« €N). If T(v) is without mass, v*7(v) is
too, for any integer a.

LemMa 20. Let T € B(R") have mass Zocna,8®); then
fv"T(v)dv = (-1%ala, (@ €N).

PrOOF. We show first that if T is without mass (that is a, = 0 for
every a), the shuttle integrals of all hyperfunctions v*7(v) vanish; using the
last remark above, it is enough to show that $T(v)dv = 0. For computing this
integral, we can choose Kj, T}, T} such that

T:|R+ = T;|R+ ’ Tilg“ = T‘lllg—’ T:‘ila- = T; IR"’ T;|R+ = T}$|R+°

But then T} + T} and T} + T} coincide on R* and on R~,and also
near the origin, since T, + T3 =T, + T, and the sz vanish there; there fol-
lows the equality T} + T) = T + T}, and thus $T(v)dv = 0.

Now T is always the sum of a hyperfunction without mass and the hyper-
function (Za,8*, 0, 0, 0), and

$rT@adv= [y v“(zaas(”) dv=(-1)%ala,. QED.

REMARK 21. In particular a hyperfunction T on R" is without mass
if and only if the shuttle integrals of the v*T(v) all vanish. Carrying this result
on R? - {0} by way of Q"71, it is easy to see that a G,-invariant hyperfunc-
tion f(x, y) on R? — {0} can be extended to a G-invariant hyperfunction
on R? if and only if the hyperfunctions on R* one gets by integrating
(2 - y®)(xy)*f(x, y) on the circles centered at the origin, vanish for every
integer. If f isa distribution which can be extended to a distribution on
R2, one can get this result directly from Proposition 13 by integration by parts.

Noting that fgrS'(v)dv =0 if S(v) isa compactly supported hyperfunc-
tion on R we deduce, for T € B(R"), the formulation of “integration by parts”:

fv"T'(v)dv +a fv"“ Tw)dv=0 (x€EN).

LEMMA 22. T € B(R") has a primitive in B(R") if and only if its
shuttle integral vanishes.

ProoF. In a decomposition T = T! + T2 as above, T2 always has a
primitive S in B(R"): one can choose S? to be the primitive of T vanish-
ing in a neighborhood of the origin. As the shuttle integral of 7’2 vanishes, it
is enough to prove the lemma for T = T,
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Let S} be a primitive of T, S} the primitive of T5 which coincides
with S} on R*, S1 the primitive of T} which coincides with S} on R,
S1 the primitive of T} which coincides with S} on R*. Evidently T will
have a primitive in B(R") if and only if S} coincides with S] on R™. But
S}(v) is constant for v big enough and for v small enough, and the difference
between these two constants is [ R; T}(v) dv. The conclusion follows immediately.
Q.E.D.

COROLLARY 23. A hyperfunction on R" is indefinitely integrable in
B(R") if and only if it is without mass.

PROOF. Let Ta,5® be the mass of T € B(R"). According to Lemmas
20 and 22, T has a primitive S € B(R") if and only if a, = 0; furthermore

$swydv =~ §us'@)dv =~ T dv =a,.
The result follows by induction.

PROPOSITION 24. Every linear differential equation with analytic coeffi-
cients is solvable in the space of hyperfunctions on R" without mass.

PROOF. One can solve any equation (E) with analytic coefficients in
B(R), and also extend any solution on some interval to a solution on a larger
interval (Komatsu [3, Theorems 3.1 and 3.2]). Thus we can solve (E) in B(R")
in the particular case where T = (T, T3, T3, T,): it is enough to solve (E) on
R* with second side T, Ig+ = T4lg+> and then extend the solution to a solu-
tion on R with second side T, and with second side 7T, separately: the solu-
tion one gets in this way still has the form (S,, S;, S5, S;), and thus is without
mass.

So it is enough to show that (E) is solvable with second side (T; — T,
T, - T,, 0, 0), assuming that (T, T,, T3, T,) is without mass; that is to say
T,-T,=T,~T; But T, -T,=T,—T; issupported in R*. If S, is
a solution of (E) in B(R) for the second side T, - T, =T, ~ T, which
vanishes in R™ (that is, which extends the trivial solution of the equation restricted
to R"), the hyperfunction (S,, S,,0,0) € B(R") is clearly a solution of (E) in
B(R") in this case, and it is still without mass. Q.E.D.

REMARK. It is not true that any differential equation with analytic coef-
ficients (on R or R, it is the same thing) is solvable in B(R"); as a matter
of fact 9, is not: see Lemma 22.

3. Invariant equations, P = P(II) is a linear differential operator on R",
which is a polynomial (with complex coefficients) in an operator I with real
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constant coefficients, homogeneous of degree 1 or 2. We assume that the degree
of P isatleast 1,and n> 1. Let G, be the group of linear transformations
of R”,of determinant *1, G the subgroup of G, which leaves P invariant
(that is, which leaves II invariant), and G, the connected component of the
identity of G.

We recall that we want to answer the question: if f € B(R") is G- (resp. G-)
invariant, are there G- (resp. G,-) invariant solutions # € B(R") of the equation Pu =
[, and how many?

(A) The case where 11 is of degree one. We do not lose anything by
assuming IT = 9,. G (resp. G,) is then the group of linear transformations of
determinant * 1 which do not move the first vector of the basis (resp. its con-
nected component); and the orbits of G (resp. G,) are evidently

the whole of R"” minus the first axis D,,as soonas n>2 (if n =2,
R" —D, decomposes into orbits which are straight lines or pairs of straight lines
parallel to D,),

each point on D.

Put (x;,**°,x,) = (x;, x') with x’ ER""!, The group G (resp. G,) is the
group of matrices (} 4) where BEG,_, (resp. SL(z — 1, R)),and 4 €R""L.
A G- (tesp. G-) invariant hyperfunction f on R" satisfies f(x,, x) =

f(x; + Ax', Bx") and, by differentiating with respect to 4, 9, S x' = 0. Thus
f is constant (with respect to x,) on each connected component of R” —D,.

Let k be the constant term of P. If k=0, and if u isan invariant
solution of the equation Pu = f, u is constant with respect to x, on each con-
nected component of R™ —D,, so that Pu = f vanishes there, that is, f is sup-
portedon D,. If k#0 andif f is equal to C(x") on some connected com-
ponent of R” —D,, any invariant solution # must be equal to C(x')/k there,
so that by substracting from u the locally integrable function of x, which is
equal to C(x')/k in each connected component, one obtains a solution of the
equation with second side f minus the locally integrable function of x, which
is equal to C(x") in each connected component.

In both cases, one is led to solve the equation Pu = f with a second side
f supported on D,. We distinguish two cases:

(1) If n> 2, the invariance of f under the subgroup of matrices (} 3)
implies that f(x,) ® 8(x"), since 8(x) is the only hyperfunction supported at
the origin of R"™! and invariant under SL(z — 1, R). If g(x,) isa solution
of P(d,)g(x;) =f(x;) then u(x) =g(x,) ® 6(x") is obviously a G-invariant
solution of Pu = f.

(2) If n =2, the second side can be written

*) EN folxy) ® 8@(x,)
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where f, € B(R) must vanish for odd a if f is G-invariant, and

(*+) u@) = 2 g,(xy) ® 8(x,)
aEN
where g, is a solution of P(3,)g,(x;) = f,(x,) isagaina G- or G-invariant
solution, at least formally. Now if the series (*) converges in B(R?), one can
write
folx)) = a,[Fo(z))], =, where lim sup (lgglah¥* =0,
Q—» oo

and the F, are holomorphic functions on C — R, uniformly bounded on every
compact set. But then there are solutions G,(z,) of the equations
PQo, l)Gm(zl) = F,(z,) which have the same property (by the Banach homo-
morphism theorem, and since C — R is simply connected), and choosing
8,(x)) =a,[G,(z,)], ,=x, leads to a series (**) which is evidently convergent
in B.

We summarize the discussion above in the following statement:

ProrOSITION 25. Let k be the constant term of P, and 11 be of degree
1. If fE€ B(R") is G- (resp. G,) invariant, the equation P(I)u = f always
has G- (resp. Gy-) invariant solutions if k #0. If k =0, it has invariant solu-
tions if and only if f is supported on the G-invariant straight line of R".

REMARK. The example in Rais [6] is covered by the second part of this
proposition: one takes P(II) = 9, in R?, and G, is the group of transvections
(@ 9 @ER). The equation 0,u = 1 has no invariant solution, as 1 is not sup-
ported on the first axis.

(B) The case where 11 is of degree two: First considerations. We do not
lose anything by assuming that II is diagonal:

M=032+ s +032-02,,~+-~8,, (P+q<n)

Then G (tesp. G,) is the group of matrices (§ g) where B is (p +q) x
(n—p—q), A is in the orthogonal group O(p,q) (resp. its connected component),
and C is in the group G,_,_, of matrices of GL(z —p —q, R) with deter-
minant * 1 (resp. in SL(# — p — g, R)). The orbits of G (resp. G,) are

the orbits of O(p, q) (resp. its connected component) in R?*9 x {0,+++,0},

the complement of RP*9 x {0,+-+,0} in R” is composed of 0, 1, or
o orbits according to whether n —p —q is zero, larger than one, or equal to one.

Using, as in the first case, the invariance of a hyperfunction under the sub-
graups (§ &) and (4 ), one sees that the invariant hyperfunctions on R” are
the sums of
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a constant (or pair of constants) with respect at least to (x,*** ,x, o)

one which can be written Zf,(x,*** ,X,44) ® 8 (xp 041500 5 X,)
where f is a hyperfunction on RP*9 invariant under O(p, q) (resp. its con-
nected component), and 8(® is invariant under G,—p—q (tesp. SL(n —p - q,R).

If p +q <n, reasoning as in (A), we see that if kK =0 (k is, as above, the
constant term of the polynomial P), the equation Pu = f will have invariant
solutions only if f is supported in RP*9 x {0, « + - , 0}; if that is so, on if
k # 0, we are led as above to solve the equation Pu = f in the space of hyper-
functions on RP*9 invariant under O(p, q) (resp. its connected component).

It is thus enough to deal with the case p + g = n, in other words the case
where II is of principal type. This is done in the following paragraph. However
we will deal here with an easy particular case: that where II is elliptic.

This happens if and only if pg =0,and G =O(n) and G, are then
compact. The equation Pu = f, for any second side f € B(R"), is then solvable
since P is elliptic (see [2]), and if u is a solution,

T0) = [Gorg, 4E)%E

where dg stands for the normalized Haar measure of G or G, is obviously an
invariant solution if f is invariant.

Thus every invariant equation has an invariant solution in this case.

(C) The interesting case. P = P(Il) is now a differential operator which is
a nonconstant polynomial with complex coefficients of a linear differential oper-
ator I with constant real coefficients, homogeneous of degree 2, of principal
type, nonelliptic.

We do not lose anything by assuming that II is diagonal:

M=08}+-+-+32-32,,~-+--3,, (P+q=npg+0).

The group G is self-transposed, and it is the group O(p, q) of matrices which
leave invariant the quadratic form

=x2 foes 2 52 —eee—x2
o0x)=x7 + +x, = xp4 Xp4q:

By Propositions S and 7 and Remark 6 if pg > 1, and by Propositions 16 and 17
if pg = 1, we can transform the equation Pu = f restricted to RP*9 - {0}
into a differential equation on R,R’ or R": if f=Q '(T) and u =Q7!(S)
(or replacing @ by Q' or Q"),S and T being hyperfunctions on R,R’ or
R”, this equation is equivalent to the differential equation (on R, R’ or R")
obtained by transforming P under one of the diffeomorphisms 6, of the
proof of Proposition 5:
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® P(4032 + 2(p + )3,)S(Q) = T().

It is known (Komatsu [3, Theorem 3.1]) that equation (E) is solvable in B(R)
for any second side in  B(R); this is still true in B(R'): first one solves (E) on
the negative open half-line, then one extends the solution separately to a solution
on R, and to a solution on R,, and this is always possible (Komatsu [3,
Theorem 3.2]). But it is not true in B(R") (cf. the remark at the end of §2).

However if flga_ {0} = Q"~YT) hasa G-invariant extension on R?
(Which is certainly the case if € B(R?) is G,-invariant!), the mass of T is
zero by Theorem 18, and Proposition 24 then states that equation (E) has a sol-
ution § € B(R") with mass zero. We have thus Pu =f in R? — {0} with
u=Q"~Y(T) € BR? - {0}) having a G,-invariant extension on R? by
Theorem 18.

If on the other hand pq > 1, solving equation (E) in B(R) or B(R') is
the same as solving the equation Pu =¥ in the space of hyperfunctions on
RP*? - {0} invariant under G or G, and we know (Theorem 10 or Corol-
laries 11, 19) that any such sblution has a G -invariant extension at the origin,
thus easily a G-invariant one by symmetrisation, if f itself is G-invariant.

In short, and in any case, the equation Pu = f, where f € B(RP*9) is
invariant under G (resp. G,), always has a solution u € B(RP*9 - {0}) on
RP+4 — {0}, invariant under G (resp. G,), and admitting an extension
i € BRP*9) at the origin, invariant under G (resp. G,).

But then P’ =f+g where g is at least G-invariant, and supported at
the origin. By Proposition 8 if pg > 1 and Proposition 15 if pg =1, g can be
written g = Z, N4, J1%8. Let E be the G-invariant fundamental solution of P
given by the theorem of Atiyah-Rais cited in the introduction. The series v =
ZaeN@JI°E is convergent in B: as it would be too long here to give a direct
proof of this, as in Lemma 14, we define v as the convolution product of E
and g, which exists as g is compactly supported (see [10, p. 61]). We have then

P -v)=f+g-PE*g=f
Moreover as E and g are G-invariant, so is v,and @ —v isa G- (resp. G-) invariant
solution of the equation on the whole space RP*4,
Finally we have proved:

THEOREM 26. Let G be the subgroup of GL(p + q, R) leaving invariant
the operator T =8} ++++ +32—82, —+++ =33, ., G, its connected
component of the identity, and P a polynomial with complex coefficients. For
any hyperfunction f on RP*? invariant under G (resp. G,), there exists a
hyperfunction solution u on RP*? invariant under G (resp. G,) of the
equation P(IDu = f.
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COROLLARY 27. Let O stand for the D’Alembert operator of RP*!and
k be a complex number. The equation (O + kYu =f has a hyperfunction
solution u on RP*! invariant under the Lorentz group, for any hyperfunction f
on RP*Y invariant under the Lorentz group.

Proor. 0O + k is the operator of Theorem 26, where ¢ =1 and P is
of degree 1,and G, is then a subgroup of the Lorentz group with finite index
(in fact 2). If @ is a Gy-invariant solution given by Theorem 26,

Uy, Xp, 000 3 Xp4q) = %[0y, Xg, 000 s Xp ) F U Xy, 000 X5 4)]

is a solution invariant under the Lorentz group.

Finally we gather the above results on invariant equations in the following
statement:

THEOREM 28. Let I1 be a linear differential operator on R", with con-
stant real coefficients, homogeneous of degree 1 or 2. Let A be the subspace of
R™ generated by vector 11 if 11 is of degree 1, by the partial derivatives of 11
if 11 is of degree 2. Let P be a polynomial with complex coefficients, k its
constant term, G the group of linear transformations of R" with determinant
t 1 and leaving 11 invariant, G its connected component of the identity, and
f a hyperfunction on R" invariant under G (resp. G).

If k#0, the equation P(IT)u = f has a hyperfunction solution u on
R" invariant under G (resp. G).

If k=0, the equation P(Iu = f has a hyperfunction solution u on
R" invariant under G (resp. G,) if and only if f is supported on A.

Proor. If II is of degree 1, this is the contents of Proposition 25. If
IT is of degree 2, it follows easily from Theorem 26 and from the considerations
of §3B.

(D) The homogeneous equation. We still have to answer the question: how
many invariant solutions are there; that is to say, what is the dimension of the
space of invariant solutions of the homogeneous equation?

We study here only the case where II is of degree 2 and of principal type.
Conclusion in the other cases would follow easily from the present study and the
considerations of §3A and §3B. Finally, the case where II is elliptic is classical
and we do not treat it.

Let B be the sheaf on RP+9 of locally G-invariant hyperfunctions:
according to Lemma 1, and with the notations of §1, it is the kernel of the sheaf
morphism
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g XXy poraxpra-t)2

We also write B¢®*? for the subsheaf of B®? of the G-invariant solutions
u of the homogeneous equation P(IT)u = 0, and we use analogous notations

with G, replaced by G;but the presheaf B¢ of locally G-invariant hyper-

functions is no more a sheaf.

Lemma 29. If pg > 1, BCOP(RP+9 — (0})/B°OP(RP*9) is canonically
isomorphic to

{0}(R”*")/P(II)B RPH9),
In any case BS P(RP*9 - {0})/BC P(RP*9) is canonically isomorphic to
B RP+9)PAD BT RP+9).

PROOF. Since P(IT) is surjective in BCO(RP*9) (Theorem 26), and
since every G-invariant hyperfunction on RP*9 — {0} is the restriction of
some G-invariant hyperfunction on RP*9 as pg > 1 (Theorem 10), Remark 3
applies with F = B®9, P=P(ll), M=RP*4, U=RP*9 - {0}, F = {0},
and the first statement follows. For the second statement, it is enough to remark
that, although B is not a sheaf, we have still an exact commutative diagram
analogous to that of Lemma 2: as P(IT) is again surjective in BS(RP*9) (Cor-
ollary 27), and the G-invariant hyperfunctions on R?*9 — {0} have G-invariant
extensions at the origin (Corollaries 11 and 19), the result is the same. Q.E.D.

Let m be the degree of P.

LEMMA 30. The space Bc{;o"} of G-invariant hyperfunctions supported
at the origin contains only G-invariant hyperfunctions. The dimension of the
quotient

B,y /PDBT) = BLGy/PDBL)
is equal to m.

ProoOF. The first statement is contained in Propositions 8 and 15, which
also show that B({;o} is the space of the series Z,cna,I1%6 such that

) lim sup (la,|(20)1)!/2* = 0.
Q=—> o0

Thus we have to compute the codimension of the range of multiplication by the
polynomial P(X) in the space of the series Za,X® whose coefficients satisfy
(C"). But (C') means that Za,(2a)!/z2**! is holomorphic outside the origin;
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it is a classical result that this is equivalent to saying that Eaazz"‘ is an entire func-
tion of zero exponential type. Given such an entire function, one can always
find, and in a unique way, a polynomial Q(X) of degree at most m —1 and
an entire function Tb,z2® such that

TaoX* = POO(TbeX?) +000)

As 0(z%) and Za,z%® are of zero exponential type, so is P(z2)(Zb,z%%), and
so is Ebaz“‘ itself, as |P(z?)| is bounded below outside some compact set.

In other words the coefficients b, satisfy (C", and the polynomials of
degree at most m — 1 are thus a complement of P(I'I)Bfo} in B({;o}' Q.E.D.

LEMMA 31. The dimension of B®'P(RP*9 - {0}) is 3m. The dimen-
sion of BCOP(RPta — (0}) is 3m if p>1 and q>1,4m if p>1 and
q=1

Proor. B®'P(RP*9 - {0}) is the inverse image under Q of the kernel
in B(R) of the operator

* P(4vd2 + 2(p + q)9,).

This operator is of degree 2m and has a singular point at the origin: its principal
coefficient vanishes there with order m. It is then a consequence of Theorem
3.3 of Komatsu [3] that the dimension of its kernel in B(R) is 3m.

If p>1 and ¢>1, B°® = B¢ (Remark 6).

If p>1 and ¢ =1, BCo-P(RP+! - {0}) is the inverse image under
Q' of the kernel of operator (*) in B(R'). As () is regular on R7,its
kernel in B(R™) has dimension 2m; thus its kenel in B(R) contains m
linearly independent hyperfunctions supported in R*, and there follows that its
kernel in B(R') has dimension 2m + m + m = 4m. Q.E.D.

THEOREM 32. The dimension of the space of G-invariant hyperfunctions
u on RP*9 which are solutions of the homogeneous equation P(INu = 0 is
2m, where m is the degree of P. The dimension of the space of those which
are only Gy-invariant is 2m if p>1 and q>1, 3m if p>1 and q=1.

ProoF. As P(II) has constant coefficients, it is one-to-one in the space
of hyperfunctions supported at the origin. So the canonical restrictions

BP0 (Re+7) — B0 P®P+a - (o)),

BO-P(RP+9) — BSF(RPTY - {O0})

are injective. The theorem follows then from Lemmas 29, 30 and 31.
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REMARK. We find here as a corollary the result of Methée [4]: there are 3
independent solutions of the equation (O + k)u = 0, where O is the D’Alembert
operator, which are invariant under the connected component of the Lorentz group,
and only 2 invariant under the whole Lorentz group.

There remains only the computing of the dimension of the space of G-in-
variant solutions of the homogeneous equation in case p = ¢ = 1. But in this
case, we still have an exact commutative diagram, analogous to that of Lemma 2:

0 0 0

| I |

0— B7Y ®) — BEY®?) — BIJR?) — BIGRA/PE(GR?) — 0

| 1 |

of®y) — B7®?) —£-> B7O®) — 0

| l

0— F°oF®2 -0 —Bo®? - -2 B2 - o)

0—B

0
o ®2-0p/8° (R?)
0

in view of Theorem 26, where BCO(R? — {0}) is the space of G ,-invariant
hyperfunctions on R% — {0} which have a G y-invariant extension at the origin.
So BC0T(R? - {0})/B%-7(R?) is isomorphic to BYG(R?)/PBIS(R), and 5o
has dimension m after Lemma 30. The canonical restriction

8% R — BOOFR? - (0))

is still one-to-one, and it is thus enough to determine the dimension of
BP0 P(R? - {0}), which is the inverse image under Q" of the kernel of the
operator (*) in the space of hyperfunctions on R" without mass.

THEOREM 33. The dimension of the space of Gy-invariant hyperfunctions
u on R? which are solutions of the homogeneous equation P(Iu =0 is 4m.

PrOOF. In view of the remarks above, it is obviously enough to show that the
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dimension of the kernel of () in the space of hyperfunctions on R” without
mass is Sm.

A solution of the homogeneous equation on R} =R} depends on 2m
parameters, and there are m more parameters as one extends to R;,and m
more as one extends to R,; choosing these 4m parameters determines the so-
lution everywhere excepton R} and on R}. By adding m more parameters,
one can determine it on Rj, and it is then determined everywhere except at the
origin of Ry, and can clearly be extended to the whole of R”. But it is easy to
check that () is injective in the space of hyperfunctions supported at the origin.
Thus Sm is the dimension of the kernel of the operator (*), that is to say
P(4v3% +43)),in B(R"), and we have left to show that this kernel contains only
hyperfunctions without mass.

(a) If the constant term of P, say k, is not zero, and if S(v) is a hyper-
function on R” such that P(4vd2 + 49,)S(v) = 0, we get for any integer a,
integrating by parts on R” and developing the polynomial P:

inf(m, )

0= f VP@VA2 + 40 )SW)dv = Y 4, f VIiS@)dv + k f v®S(v) dv
=
inf(m,a) a—j )
= Y 4D ~Nay_; + (-1)*ka!a,
j=1

by Lemma 20, where Z,cya,8(® is the mass of S. As k # 0, these equations
imply by induction that all a, vanish.

(b) Moreover, if k # 0, any hyperfunction § on R" satisfying
P(4vd? + 43,)S(v) = T(v), with T without mass, must be without mass, since
there is at least one such (Proposition 24) and two of them differ from a hyper-
function without mass by (a).

(c) If S€B(R") satisfies (4vd2 + 43, S(v) = T(v), where r is some
integer, and T is without mass, S also is without mass: in fact one shows ex-
actly as in (b) that it is enough to prove it for T = 0. Now this is obvious if
r=0;if r> 0, the equation

(4092 + 43, X(4vd2 + 43,) "'S) = 0

means that (4vd? + 43,)"'S(v) is a solution of the homogeneous equation
(4v33 + 49,)R(v) = 0. But the solutions of the last equation are the linear com-
binations of 1, In|v| and H(v), where H is the Heaviside function; since they
are locally integrable, they all are without mass. Whence the conclusion by induc-
tion.
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(d) Since every polynomial is the product of some monomial by a polynomial
with nonvanishing constant term, the theorem follows from (b) and (c). Q.E.D.
REMARK. The proof shows in fact that

Go,

PR - o) = 870 ®? - (0D

that is, every G y-invariant solution of the homogeneous equation on R? - {0} can
be extended to a G-invariant solution on R2.
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